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Abstrat
Orbits of omplete families of vetor elds on a subartesian spae
are shown to be smooth manifolds. This allows a desription of the
struture of the redued phase spae of a Hamiltonian system in terms
of the redued Poisson algebra.
Moreover, one an give a global desription of smooth geometri
strutures on a family of manifolds, whih form a singular foliation of
a subartesian spae, in terms of objets dened on the orresponding
family of vetor elds. Stratied spaes, Poisson spaes, and almost
omplex spaes are disussed as examples.
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1 Introdution
This work is motivated by the program of Poisson redution of Hamiltonian
systems. Under the assumption that the ation of the symmetry group G
on the phase spae P of the system is proper, the orbit spae S = P/G is
stratied by orbit type, [9℄. For a Hamiltonian system, eah stratum of S
is singularly foliated by sympleti leaves, [5℄, [21℄. The orbit spae S has
a dierential struture C∞(S) given by push-forwards to S of G-invariant
smooth funtions on P, [17℄, [8℄. Moreover, C∞(S) has the struture of a
Poisson algebra, usually alled the redued Poisson algebra. Following the
approah initiated by Sjamaar and Lerman, [21℄, we want to desribe strata
of the stratiation of S as well as leaves of the singular foliation diretly in
terms of the redued Poisson algebra C∞(S).
The essential property of a smooth stratied spae needed here is the fat
that it is a smooth subartesian spae. The notion of a subartesian spae
was introdued by Aronszajn, [1℄, and subsequently developed by Aronszajn
and Szeptyki, [2℄, [3℄, and by Marshall, [13℄, [14℄. Related notions were
independently introdued and studied by Spallek, [24℄, [25℄.
A smooth subartesian spae is a diferential spae in the sense of Sikor-
ski, [18℄, [19℄, [20℄, that is loally dieomorphi to a subset of a Cartesian
spae Rn. Hene, we an use the dierential spae approah and study prop-
erties of a subartesian spae in terms of its ring of globally dened smooth
funtions.
In this paper, we generalize to smooth subartesian spaes the theorem
of Sussmann on orbits of families of vetor elds on manifolds, [27℄, and
investigate its appliations. In order to do this, we must rst extend to
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subartesian spaes the results on the relationship between derivations and
loal one-parameter loal groups of dieomorphisms of loally semi-algebrai
dierential spaes obtained in [23℄.
Let S be a smooth subartesian spae, and X : C∞(S) → C∞(S) : h 7→
X · h be a derivation of C∞(S). A urve c : I → S, where I is an interval in
R, is an integral urve of X if
d
dt
h(c(t)) = (X · h)(c(t)) for all h ∈ C∞(S), t ∈ I.
We show that, for every derivation X of C∞(S) and every x ∈ S, there exists
a unique maximal integral urve of X passing through x.
We dene a vetor eld on a smooth subartesian spae S to be derivation
that generates a loal one-parameter group of loal dieomorphisms of S. Let
F be a family of vetor elds on S. An orbit of F through a point x ∈ S
is the maximal set of points in S whih an be joined to x by pieewise
smooth integral urves of vetor elds in F . In other words, y ∈ S belongs
to the orbit of F through x if there exists a positive integer m, vetor elds
X1, ..., Xm ∈ F and (t1, ..., tm) ∈ R
m
suh that
y =
(
ϕX
m
tm
◦ ...◦ϕX
1
t1
)
(x).
We introdue the notion of a loally omplete family of vetor elds. A family
F is loally omplete if, for every X, Y ∈ F , t ∈ R, and x ∈ S, for whih the
push-forward ϕXt∗Y (x) is dened, there exists an open neighbourhood U of x
and a vetor eld Z ∈ F suh that the restrition of ϕXt∗Y of U oinides with
the restrition of Z to U . In partiular, a family onsisting of a single vetor
eld X on S is loally omplete beause, for every t ∈ R, ϕXt∗X oinides
with the restrition of X to the domain of ϕXt∗X . Thus, the notion of loal
ompleteness of a family of vetor elds is unrelated to ompleteness of vetor
elds onstituting the family.
Main Theorem Eah orbit of a loally omplete family of vetor elds on
a smooth subartesian spae S is a smooth manifold, and its inlusion
into S is smooth.
We refer to the partition of S by orbits of F as the singular foliation of S
dened by F , and to orbits of F as leaves of the singular foliation. In the ase
when S is a smooth manifold, and F is a loally omplete family of smooth
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vetor elds on S, orbits of F give rise to a singular foliation of S in the
sense of Stefan, [26℄. Stefan's denition of a singular foliation of a smooth
manifold ontains a ondition of loal triviality, similar to a loal triviality
of a stratiation (see Setion 6). Orbits of a loally omplete family of
vetor elds on a subartesian spae need not satisfy an obvious extension of
Stefan's ondition.
We show that the family X (S) of all vetor elds on a subartesian spae
S is loally omplete. The singular foliation of S dened by X (S) is minimal
in the sense that, for every family F of vetor elds on S, orbits of F are
ontained in orbits of X (S). In partiular, the restrition of F to eah orbit
M of X (S) is a family FM of vetor elds on M , and orbits of F ontained
in M are orbits of FM .
We show that smooth stratied spaes are subartesian. All stratied
spaes onsidered here are assumed to be smooth. A stratied spae S is
loally trivial if it is loally dieomorphi to the produt of a stratied spae
and a one, [16℄. We introdue the notion of a strongly stratied vetor eld
on a startied spae, and prove that the family of all strongly stratied vetor
elds on a loally trivial stratied spae S is loally omplete and that its
orbits are strata of S. Hene, eah stratum of S is ontained in an orbit of
the family X (S) of all vetor elds on S. Moreover, we show that if S is
a loally trivial stratied spae then orbits of the family X (S) of all vetor
elds on S also give rise to a stratiation of S. If the original stratiation
of S is minimal, then it oinides with the stratiation by orbits of X (S).
These results on stratied spaes are applied to desribe singular Poisson
redution of Hamiltonian systems.
We disuss also subartesian Poisson spaes and almost omplex spaes.
A ombination of these two strutures gives rise to a generalization to sub-
artesian spaes of stratied Kähler spaes studied by Huebshmann [11℄.
2 Dierential Spaes
We begin with a review of elements of the theory of dierential spaes, [20℄.
Results stated here will be used in our study of vetor elds on subartesian
spaes.
A dierential struture on a topologial spae R is a family of funtions
C∞(R) satisfying the following onditions:
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2.1. The family
{f−1((a, b)) | f ∈ C∞(R), a, b ∈ R}
is a sub-basis for the topology of R.
2.2. If f1, ..., fn ∈ C
∞(R) and F ∈ C∞(Rn), then F (f1, ..., fn) ∈ C
∞(R).
2.3. If f : R → R is suh that, for every x ∈ R, there exist an open
neighbourhood Ux of x and a funtion fx ∈ C
∞(R) satisfying
fx | Ux = f | Ux,
then f ∈ C∞(R). Here the vertial bar | denotes the restrition.
A dierential spae is a topologial spae endowed with a dierential stru-
ture. Clearly, smooth manifolds are dierential spaes.
Lemma 1. For every open subset U of a dierential spae R and every x ∈
U , there exists f ∈ C∞(R) satisfying f | V = 1 for some neighbourhood
V of x ontained in U , and f | W = 0 for some open subset W of R
suh that U ∪W = R.
Proof follows ref. [20℄. Let U be open in R and x ∈ U. It follows from
ondition 2.1 that there exists a map ϕ = (f1, ..., fn) : R → R
n
, with
f1, ..., fn ∈ C
∞(R), and an open set U˜ ⊆ Rn suh that x ∈ ϕ−1(U˜) ⊆ U.
Sine ϕ(x) ∈ U˜ ⊆ Rn, there exists F ∈ C∞(Rn) suh that F | V˜ = 1 for
some neigbourhood V˜ of ϕ(x) in Rn ontained in U˜ , and F | W˜ = 0 for some
open set W˜ in Rn suh that U˜ ∪W˜ = Rn. Sine ϕ is ontinuous, V = ϕ−1(V˜ )
and W = ϕ−1(W˜ ) are open in V . Moreover, ϕ−1(U˜) ⊆ U and U˜ ∪ W˜ = Rn
imply that U ∪ W = R. By ondition 2.2, f = F (f1, ..., fn) ∈ C
∞(R).
Furthermore, f | V = F ◦ϕ | V = F | ϕ(V ) = F | V˜ = 1. Similarly,
f | W = F | W˜ = 0, whih ompletes the proof. 
A ontinuous map ϕ : S → R between dierential spaes S and R is
smooth if ϕ∗f = f ◦ϕ ∈ C∞(S) for every f ∈ C∞(R). A homeomorphism
ϕ : S → R is alled a dieomorphism if ϕ and ϕ−1 are smooth.
If R is a dierential spae with dierential struture C∞(R) and S is a
subset of R, then we an dene a dierential struture C∞(S) on S as follows.
A funtion f : S → R is in C∞(S) if and only if, for every x ∈ S, there is
an open neighborhood U of x in R and a funtion fx ∈ C
∞(R) suh that
f |(S ∩U) = fx|(S ∩U). The dierential struture C
∞(S) desribed above is
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the smallest dierential struture on S suh that the inlusion map ι : S → R
is smooth. We shall refer to S with the dierential struture C∞(S) desribed
above as a dierential subspae of R. If S is a losed subset of R, then the
dierential struture C∞(S) desribed above onsists of restritions to S of
funtions in C∞(R).
A dierential spae R is said to be loally dieomorphi to a dierential
spae S if, for every x ∈ R, there exists a neighbourhood U of x dieomorphi
to an open subset V of S. More preisely, we require that the dierential
subspae U of R be dieomorphi to the dierential subspae V of S. A
dierential spae R is a smooth manifold of dimension n if and only if it is
loally dieomorphi to Rn.
Let R be a dierential spae with a dierential struture C∞(R). A
derivation on C∞(R) is a linear map X : C∞(R) → C∞(R) : f 7→ X · f
satisfying Leibniz' rule
X · (f1f2) = (X · f1)f2 + f1(X · f2). (1)
We denote the spae of derivations of C∞(R) by DerC∞(R). It has the stru-
ture of a Lie algebra with the Lie braket [X1, X2] dened by
[X1, X2] · f = X1 · (X2 · f)−X2 · (X1 · f)
for every X1, X2 ∈ DerC
∞(R) and f ∈ C∞(R).
Lemma 2. If f ∈ C∞(R) is a onstant funtion, then X · f = 0 for all
X ∈ DerC∞(R).
Proof. If f ∈ C∞(R) is identially zero, then f 2 = f = 0, and Leibniz'
rule implies that X · f = X · f 2 = 2f(X · f) = 0 for every X ∈ DerC∞(R).
Similarly, if f is a non-zero onstant funtion, that is f(x) = c 6= 0 for
all x ∈ R, then f 2 = cf , and the linearity of derivations implies that X ·
f 2 = X · (cf) = c(X · f). On the other hand, Leibniz' rule implies that
X · f 2 = 2f(X · f) = 2c(X · f). Hene c(X · f) = 2c(X · f). Sine c 6= 0, it
follows that X · f = 0. 
Lemma 3. If f ∈ C∞(R) vanishes identially in an open set U ⊆ R, then
(X · f) | U = 0 for all X ∈ DerC∞(R).
Proof. If f ∈ C∞(R) vanishes identially in an open set U ⊆ R, then
for eah x ∈ U , there exists by Lemma 1 a funtion h ∈ C∞(R) suh that
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h(x) = 1 and hf = 0. Therefore, 0 = X · (hf) = h(X · f)+ f(X ·h) for every
smooth derivation X. Evaluating this identity at x, we get (X · f)(x) = 0
beause f(x) = 0. Hene, (X · f) | U = 0. 
Lemma 4. Let U be open in R, and XU a smooth derivation of C
∞(U). For
eah x ∈ U , there exists an open neighbourhood V of x ontained in
U , and X ∈ DerC∞(R) suh that
(X · h) | V = (XU · (h | U)) | V for all h ∈ C
∞(R).
Proof. Let U be an open neighbourhood of x0 in R, and XU a smooth
derivation of C∞(U). There exist open sets V and W in R suh that x0 ∈
V ⊆ V¯ ⊆ W ⊆ W¯ ⊆ U . Let f ∈ C∞(R) be suh that f | V¯ = 1 and
f | S\W = 0. Then (f | U)XU is a derivation of C
∞(U) whih vanishes on
U\W . Hene, it extends to a smooth derivation X of C∞(R) suh that, for
every h ∈ C∞(R), (X · h) | V = (XU · (h | U)) | V . 
A loal dieomorphism ϕ of R to itself is a dieomorphism ϕ : U → V ,
where U and V are open dierential subspaes of R. For eah f ∈ C∞(R),
the restrition of f to V is in C∞(V ), and ϕ∗f = f ◦ϕ is in C∞(U). If ϕ∗f
oinides with the restrition of f to U, we say that f is ϕ-invariant, and
write ϕ∗f = f. For eah X ∈ Der(C∞(R)), the restrition of X to U is in
Der(C∞(U)), and the push-forward ϕ∗X of X by ϕ is a derivation of C
∞(V )
suh that
(ϕ∗X) · (f | V ) = ϕ
−1∗(X · (ϕ∗f)) for all f ∈ C∞(R). (2)
Sine all funtions in C∞(V ) loally oinide with restritions to V of fun-
tions in C∞(R), equation (2) determines ϕ∗X uniquely. If ϕ∗X oinides with
the restrition of X to V , we say that X is ϕ-invariant and write ϕ∗X = X.
3 Subartesian spaes.
Subartesian spaes were introdued by Aronszajn, [1℄, and developed in [3℄
and [13℄. They are Hausdor dierential spaes loally dieomorphi to a
dierential subspae of a Cartesian spae. In other words, a subartesian
spae is a Hausdor dierential spae S that an be overed by open sets,
eah of whih is dieomorphi to a dierential subspae of a Cartesian spae.
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In the remainder of this paper, we restrit our onsiderations to dierential
spaes that are Hausdor, seond ountable and paraompat.
In this setion, we desribe properties of dierential subspaes of Rn whih
extend to subartesian spaes. In the remainder of this setion, R denotes a
dierential subspae of Rn, onsidered as a dierential spae endowed with
the standard dierential struture C∞(Rn). In other words, a funtion f :
R→ R is in C∞(R) if, for every x ∈ R, there exists an open set U in Rn and
fU ∈ C
∞(Rn) suh that f | U ∩ R = fU | U ∩ R.
Lemma 5. Let W be an open subset of R ⊆ Rn, and fW ∈ C
∞(W ). For
every x ∈ W there exists a funtion f ∈ C∞(R) and a neighbourhood
V of x ontained in W suh that f | V = fW | V.
Proof. The proof is an immediate onsequene of the denition of a dier-
ential subspae. 
For every dierential spae S, eah X ∈ DerC∞(S) and every x ∈ S, we
denote by X(x) : C∞(S)→ R the omposition of the derivation X with the
evaluation at x. In other words, X(x) ·f = (X ·f)(x) for all f ∈ C∞(S). We
use the notation
DerxC
∞(S) = {X(x) | X ∈ DerC∞(S)}, (3)
and refer to elements of DerxC
∞(S) as derivations of C∞(S) at x.
Lemma 6. Let R be a dierential subspae of Rn and X a derivation of
C∞(R). For every x ∈ R, there is X˜(x) ∈ DerxC
∞(Rn) suh that
X˜(x) · f = X(x) · (f | R) for all f ∈ C∞(Rn). (4)
Proof. Let X˜(x) : C∞(Rn) → R be given by equation (4). It is a linear
map satisfying Leibniz' rule X˜(x)·(fh) = f(x)
(
X˜(x) · h
)
+h(x)
(
X˜(x) · f
)
.
Hene, X˜(x) ∈ TxR
n, and it extends to a smooth vetor eld X˜ on Rn so that
X˜(x) is the value of X˜ at x ∈ Rn. Sine vetor elds on Rn are derivations
of C∞(Rn), it follows that X˜(x) ∈ DerxC
∞(Rn). 
Proposition 1. Let R be a dierential subspae of Rn and X a derivation
of C∞(R). For every f1, ..., fm ∈ C
∞(R) and every F ∈ C∞(Rm),
X · F (f1, ..., fm) =
m∑
i=1
∂iF (f1, ..., fm)(X · fi). (5)
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Proof. Let f1, ..., fm ∈ C
∞(R) and x ∈ R. We denote by p1, ..., pn : R
n → R
the oordinate funtions on Rn. There exists a neighbourhood U of x ∈ Rn
and funtions F1, ..., Fm ∈ C
∞(Rn) suh that fi | U ∩ R = Fi(p1, ..., pn) |
U ∩R. Hene, for every F ∈ C∞(Rm),
F (f1, ..., fm) | U ∩R = F (F1(p1..., pn), ..., Fm(p1, ..., pn)) | U ∩ R.
By Lemma 4, there exists X˜(x) ∈ DerxC
∞(Rn) suh that equation (4) is
satised. Hene,
X(x) · F (f1, ..., fm) = X(x) · (F (F1(p1..., pn), ..., Fm(p1, ..., pn)) | R)
= X˜(x) · (F (F1(p1..., pn), ..., Fm(p1, ..., pn)))
=
n∑
i=1
(∂iF (F1(p1..., pn), ..., Fm(p1, ..., pn))) (x)
(
X˜(x) · Fi(p1..., pn)
)
=
n∑
i=1
(∂iF (F1(p1..., pn), ..., Fm(p1, ..., pn))) (x) (X(x) · (Fi(p1..., pn) | R))
=
n∑
i=1
(∂iF (f1, ..., fm)) (x) (X(x) · fi)
=
n∑
i=1
(∂iF (f1, ..., fm)) (x) (X · fi) (x).
This holds for every x ∈ R, whih implies equation (5). 
Proposition 2. Let R be a dierential subspae of Rn. For every X ∈
DerC∞(R) and eah x ∈ R, there exists an open neighbourhood U
of x in Rn and X˜ ∈ DerC∞(U) suh that(
X˜ · (f | U)
)
| U ∩R = (X · (f | R)) | U ∩R for all f ∈ C∞(Rn).
Proof. Let h1, ..., hn be the restritions toR of Cartesian oordinates p1, ..., pn
on Rn. For every X ∈ Der(C∞(R)), the funtions X · h1, ..., X · hn are in
C∞(R). Hene, for every x ∈ R, there exists an open neighbourhood U of x
in Rn and funtions f1, ..., fn ∈ C
∞(Rn) suh that (X ·hi) | U∩R = fi | U∩R
for i = 1, ..., n.
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Let f ∈ C∞(Rn). Then f | U ∩ R = f(h1, ..., hn) | U ∩ R and
(X · (f | R)) | U ∩R = (X · (f(h1, ..., hn))) | U ∩ R
=
n∑
i=1
(∂if(h1, ..., hm) | U ∩ R) (X · hi) | U ∩ R
=
n∑
i=1
((∂if) | U ∩ R) (fi | U ∩ R) .
Consider the vetor eld
X˜ = f1∂1 + ...+ fn∂n (6)
on U . Sine U is open in Rn, X˜ is a derivation of C∞(U). Moreover,
(X · (f | R)) | U ∩ R =
(
X˜ · (f | U)
)
| U ∩R
for all f ∈ C∞(Rn). 
It follows from Proposition 2 that every derivation X of C∞(R) an be
loally extended to a derivation of C∞(Rn). Clearly, this extension need not
be unique. Moreover, If X˜ is a smooth vetor eld on Rn, and f ∈ C∞(Rn),
then the restrition of X˜ · f to R need not be determined by the restrition
of f to R. Hene, not every vetor eld on Rn restrits to a derivation of
C∞(R).
Lemma 7. Let U be an open subset of R ⊆ Rn, and XU a smooth derivation
of C∞(U). For eah x ∈ U , there exists an open neighbourhood V of
x ontained in U , and X ∈ DerC∞(R) suh that
(X · h) | V = (XU · (h | U)) | V for all h ∈ C
∞(R).
Proof. By Lemma 1, there exist open sets V and W in R, suh that x ∈
V ⊆ U and U ∪W = R, and f ∈ C∞(R) satisfying f | V = 1 and f |W = 0.
For every h ∈ C∞(R), let X be given by
(X · h) | U = (f | U)XU · (h | U)
(X · h) | W = 0.
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In U ∩W we have
((f | U)XU · (h | U)) | U ∩W = (f | U ∩W ) (XU · (h | U)) | U ∩W = 0
beause f | W = 0. Hene, X is well dened. Moreover, X ∈ DerC∞(R),
and f | V = 1 implies (X · h) | V = (XU · (h | U)) | V for all h ∈ C
∞(R). 
Lemma 8. Let R be a dierential subspae of Rn. If U and V are open
subsets of Rn and ϕ : U → V is a dieomorphism suh that ϕ(U∩R) =
V ∩R, then the restrition of ϕ to U ∩R is a dieomorphism of U ∩R
onto V ∩R.
Proof. By assumption, R is a topologial subspae of Rn, the mapping
ϕ : U → V is a homeomorphism, and ϕ(U ∩ R) = V ∩ R. Hene, for every
open subset W of Rn, ϕ−1(W ∩(V ∩R)) is open in U∩R, and ϕ(W ∩(U∩R))
is open in V ∩ R. Thus, ϕ indues a homeomorphism ψ : U ∩ R→ V ∩R.
Moreover, ϕ indues a dieomorphism of open dierential subspaes U
and V of Rn.We want to show that f ∈ C∞(V ∩R) implies ψ∗f ∈ C∞(U∩R).
Given x ∈ U ∩ R, let y = ψ(x) ∈ V ∩ R. Sine R is a dierential subspae
of Rn and f ∈ C∞(V ∩ R), there exists a neighbourhood W of x ∈ V and
a funtion fW ∈ C
∞(V ) suh that f | W ∩ R = fW | W ∩ R. Moreover,
ϕ−1(W ) is a neighbourhood of x in U , ϕ∗fW is in C
∞(U), and
ψ∗f | (ϕ−1(W ) ∩R) = f ◦ψ | (ϕ−1(W ) ∩ R) = f ◦ (ϕ | (ϕ−1(W ) ∩ R))
= f | (W ∩ R) = fW | (W ∩ R)
= fW ◦ (ϕ | (ϕ
−1(W ) ∩R)) = fW ◦ϕ | (ϕ
−1(W ) ∩ R)
= ϕ∗fW | (ϕ
−1(W ) ∩ R).
Thus, for every x ∈ U ∩ R, there exists a neighbourhood ϕ−1(W ) of x in
U and a funtion ϕ∗fW in C
∞(U) suh that ψ∗f | (ϕ−1(W ) ∩ R) = ϕ∗fW |
(ϕ−1(W ) ∩R). This implies that ψ∗f ∈ C∞(U ∩ R).
It follows that ψ is smooth. In a similar manner we an prove that ψ−1
is smooth. Hene, ψ is a dieomorphism. 
Let S be a subartesian spae. It an be overed by open sets, eah of
whih is dieomorphi to a dierential subspae R of Rn. All the proper-
ties of dierential subspaes of Rn disussed in Lemmata 4 through 8 and
Propositions 1 and 2 are loal. Hene they extend to subartesian spaes.
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4 Families of Vetor Fields
In this setion, we disuss properties of vetor elds on subartesian spaes.
In the ategory of smooth manifolds, translations along integral urves
of a smooth vetor eld give rise to loal dieomorphisms. In the ategory
of dierential spaes, not all derivations generate loal dieomorphisms. We
reserve the term vetor eld for a derivation that generates a loal one-
parameter group of loal dieomorphisms.
Let I be an interval in R. A smooth urve c : I → S on a dierential
spae S is an integral urve of X ∈ Der(C∞(S)) if
(X · f)(c(t)) =
d
dt
f(c(t))
for every f ∈ C∞(S) and t ∈ I. If 0 ∈ I and c(0) = x, we refer to c as an
integral urve of X through x.
Theorem 1. Assume that S is a subartesian spae. For every x ∈ S and
every X ∈ Der(C∞(S)) there exists a unique maximal integral urve
c : I → S through x.
Proof Outline (a detailed proof is given in [23℄). Sine S is a subartesian
spae, given x ∈ S, there exists a neighbourhood V of x in S dieomorphi
to a dierential subspae R of Rn. In order to simplify the notation, we use
the dieomorphism between R and V to identify them, and write V = R.
By Proposition 2, there exists an extension of X to a smooth vetor eld X˜
on an open neighbourhood U of x in Rn given by equation (6).
Given y ∈ R ⊆ Rn, onsider an integral urve c˜ : I˜ → Rn of X˜ suh that
c˜(0) = y. Let I be the onneted omponent of c˜−1(R) ontaining 0, and
c : I → R the urve in R obtained by the restrition of c˜ to I. Then, c(0) = y.
Moreover, for eah t ∈ I, and f ∈ C∞(S) there exists a neigbourhood U of
c˜(t) in Rn and a funtion F ∈ C∞(Rn) suh that f | R ∩ U = F | R ∩ U .
Hene, by Proposition 2,
d
dt
f(c(t)) =
d
dt
F (c˜(t)) = (X˜ · F )(c˜(t)) = (X · f)(c(t)).
This implies that c : I → R is an integral urve of X through y. Sine I
is a onneted subset of R, it is an interval. Loal uniqueness of c (up to
an extension of the domain) follows from the loal uniqueness of solutions of
dierential equations on Rn.
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The above argument gives existene and loal uniqueness of integral
urves of derivations of C∞(S). The usual tehnique of pathing loal so-
lutions, and the fat that the union of intervals with pairwise non-empty
intersetion is an interval, lead to the global uniqueness of integral urves of
derivations on a subartesian spae S. 
Let X be a derivation of C∞(S). We denote by ϕt(x), the point on the
maximal integral urve of X through x orresponding to the value t of the
parameter. Given x ∈ Rn, ϕt(x) is dened for t in an interval Ix ontaining
zero, and ϕ0(x) = x. If t, s and t+ s are in Ix, s ∈ Iϕt(x) and t ∈ Iϕs(x), then
ϕt+s(x) = ϕs(ϕt(x)) = ϕt(ϕs(x)). In the ase when S is a manifold, the map
ϕt is a dieomorphism of a neighbourhood of x in S onto a neighbourhood
of ϕt(x) in S. For a subartesian spae S, the map ϕt might fail to be a loal
dieomorphism. We adopt the following
Denition of a vetor eld. Let S be a subartesian spae. A derivation
X of C∞(S) is a vetor eld on S if, for every x ∈ S, there exists
an open neighbourhood U of x in S, and ε > 0 suh that, for every
t ∈ (−ε, ε), the map ϕt is dened on U , and its restrition to U is a
dieomorphism from U onto an open subset of S.
Example 1. Consider S = [0,∞) ⊆ R with the struture of a dierential
subspae of R. Let (X · f) = f ′(x) for every f ∈ C∞([0,∞)) and x ∈ [0,∞).
Note that the derivative at x = 0 is is the right derivative; it is uniquely
dened by f(x) for x ≥ 0. For this X , the map ϕt is given by ϕt(x) = x+ t
whenever x and x + t are in [0,∞). In partiular, for every neighbourhood
U of 0 in [0,∞) there exists δ > 0 suh that [0, δ) ⊆ U . Moreover, ϕt maps
[0, δ) onto [t, δ + t) whih is not a neighbourhood of t = ϕt(0) in [0,∞).
Hene, the derivation X is not a vetor eld on [0,∞). On the other hand,
for every f ∈ C∞[0,∞) suh that f(0) = 0, the derivation fX is a vetor
eld, beause 0 is a xed point of fX .
We say that a subartesian spae S is loally losed if every point of S has
a neighbourhood dieomorphi to the intersetion of an open and a losed
subset of a Cartesian spae. There is a simple riterion haraterizing vetor
elds on a loally losed subartesian spae; namely,
Proposition 3. Let S be a loally losed subartesian spae. A derivation
X of C∞(S) is a vetor eld on S if the domain of every maximal
integral urve of X is open in R.
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Proof. Consider rst the ase when S is a relatively losed dierential sub-
spae of Rn. In other words, S = U ∩ C, where U is open and C is losed
in Rn. By Proposition 2, we may assume that X on S extends to a vetor
eld X˜ on U . We denote by ϕ˜t the loal one-parametr group of loal dieo-
morphisms of U generated by X˜ . By Theorem 1, for every x ∈ S, there is a
maximal interval Ix ∈ R suh that ϕt(x) = ϕ˜t(x) ∈ S for all t ∈ Ix.
Given x ∈ S ⊆ U , there exists ε > 0 and a neighbourhood U ′ of x in
U suh that suh that, for every t ∈ (−ε, ε), the map ϕ˜t is dened on U
′
,
and its restrition to U ′ is a dieomorphism from U ′ onto an open subset of
U. In view of Lemma 8, it sues to show that there exists δ ∈ (0, ε] and a
neighbourhood U ′′ of x in U ′ suh that ϕ˜t maps U
′′ ∩ C to ϕ˜t(U
′′) ∩ C for
all t ∈ (−δ, δ). Suppose that there are no U ′′ and δ satisfying this ondition.
This means that, for every neighbourhood U ′′ of x in U , and every δ ∈ (0, ε],
there exists a point y ∈ U ′′∩C and s ∈ (−δ, δ) suh that ϕ˜s(y) /∈ ϕ˜s(U
′′)∩C.
Sine ϕ˜t(y) ∈ ϕ˜t(U
′′) for every t ∈ (−ε, ε), it follows that ϕ˜s(y) /∈ C. Hene,
s is not in the domain Iy the maximal integral urve of X through y. If s > 0,
let u be the inmum of the set {t ∈ [0, s] | ϕ˜t(y) /∈ C}. Then, ϕt(y) ∈ C
for all t ∈ [0, u). Sine ϕt(y) is ontinuous in t and C is losed, it follows
that ϕu(y) ∈ C. Moreover, for every v > u, there exists t ∈ (u, v) suh that
ϕt(y) /∈ C. It implies that [0,∞) ∩ Iy = [0, u]. Hene, the domain Iy of the
maximal integral urve of X through y is not open in R, ontrary to the
assumption of the theorem. Hene, the ase s > 0 is exluded. Similarly, we
an show that the ase s < 0 is inonsistent with the assumption that the
domains of all maximal integral urves of X are open.
We have shown that there exists δ ∈ (0, ε] and a neighbourhood U ′′ of x
in U ′ suh that ϕ˜t maps U
′′∩C to ϕ˜t(U
′′)∩C for all t ∈ (−δ, δ). This implies
that ϕt(z) = ϕ˜t(z) is dened for every t ∈ (−δ, δ), and eah z ∈ U
′′
. By
Lemma 8, it follows that, ϕt restrited to U
′′ ∩ S is a dieomorphism onto
ϕt(U
′′) ∩ S. Sine this holds for every x ∈ S, we onlude that ϕt is a loal
one-parameter group of loal dieomorphisms of S. Hene, X is a vetor
eld on S.
Consider now a derivation X on a loally losed subartesian spae S
suh that the domains of all maximal integral urves of X are open. For
eah x ∈ S, we denote by ϕt(x) the point on the maximal integral urve of
X through x orresponding to the value t of the parameter. The funtion
t 7→ ϕt(x) is dened on an interval Ix in R, whih is open by hypothesis.
For every x ∈ S there exists a neighbourhood W of x in S and a dieo-
morphism χ of W onto a loally losed subspae U ∩ C of Rn. By the rst
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part of the proof, the push-forward of X by χ is a vetor eld on U ∩ C.
Sine χ is a dieomorphism, it follows that there exists a neighbourhood W ′
of x in W ⊆ S and ε > 0 suh that, for every t ∈ (−ε, ε), the map ϕt is
dened on W ′, and its restrition to W ′ is a dieomorphism from W ′ onto
an open subset of W ⊆ S. Hene, X is a vetor eld on S. 
The following example shows that the assumption that S is loally losed
is essential in Proposition 2.
Example 2. The set
S = {(x1, x2) ∈ R
2 | x21 + (x2 − 1)
2 < 1 or x2 = 0}
is not loally losed. The vetor eld X˜ = ∂
∂x1
on R2 restrits to a derivation
X of C∞(S). For every x = (x1, x2) ∈ S, ϕ˜t(x) = (x1 + t, x2) for all t ∈ R.
Its restrition to S indues ϕt given by ϕt(x1, x2) = (x1 + t, x2) for t ∈(
−x1 −
√
1− (x2 − 1)2,−x1 +
√
1− (x2 − 1)2
)
if x2 > 0, and for t ∈ R if
x2 = 0. Hene, all integral urves of X have open domains. Nevertheless, ϕt
fails to be a loal one-parameter loal group of dieomorphisms of S.
Let F be a family of vetor elds on a subartesian spae S. For eah X ∈
F , we denote by ϕXt the loal one-parameter group of loal dieomorphisms
of S generated by X . We say that the family F is loally omplete if, for
every X, Y ∈ F , t ∈ R and x ∈ S, for whih ϕXt∗Y (x) is dened, there exists
an open neighbourhood U of x and Z ∈ F suh that ϕXt∗Y | U = Z | U.
For example, a family onsisting of a single vetor eld X is loally om-
plete beause ϕXt∗X(x) = X(x) at all points x ∈ S for whih ϕt(x) is dened.
Theorem 2. The family X (S) of all vetor elds on a subartesian spae S
is loally omplete.
Proof. For X ∈ X (S), let ϕXt denote the loal one-parameter group of
loal dieomorphisms of S generated by X . For a given t ∈ R let U be a
neighbourhood of x ∈ S suh that ϕXt maps U dieomorphially onto an
open subset V of S. For eah Y ∈ X (S), ϕXt∗Y is in Der(C
∞(V )). If ϕYs
denotes the loal one-parameter group of dieomorphisms of Y , then
d
ds
f(ϕXt (ϕ
Y
s (x)) =
d
ds
(ϕX∗t f)(ϕ
Y
s (x)) = (Y · (ϕ
X∗
t f))(ϕ
Y
s (x))
= (ϕX∗t
(
ϕXt∗Y · f
)
)(ϕYs (x)) =
(
ϕXt∗Y · f
)
(ϕXt (ϕ
Y
s (x)))
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for every f ∈ C∞(V ) and x ∈ V and s ∈ Iy suh that ϕ
Y
s (x) ∈ U . Hene,
s 7→ ϕXt (ϕ
Y
s (x)) is an integral urve of ϕ
X
t∗Y through ϕ
X
t (x). Sine Y is a
vetor eld, for every x ∈ S, there exists an open neighbourhood W of x in
S, and ε > 0 suh that, for every s ∈ (−ε, ε), the map ϕYs is dened on W ,
and its restrition to W is a dieomorphism from W onto an open subset of
S. We an hoose W and ε so that ϕYs maps W into U for all s ∈ (−ε, ε).
Sine ϕXt mapsW dieomorphially ontu V , it follows that ϕ
X
t
◦ϕYs restrited
to W maps W difeomorphially onto ϕXt (ϕ
Y
s (W )), whih is open in V for all
s ∈ (−ε, ε). Hene ϕXt∗Y is a vetor eld on V .
For every x ∈ V , there exists an open neighbourhood W of x suh that
W¯ ⊂ V . Let f ∈ C∞(V ) be suh that f(x) = 1 and f vanishes identially on
V \W . Then fϕt∗Y is a vetor eld on V vanishing on V \W, and it extends
to a vetor eld Z on S. Hene, (ϕt∗Y )(x) = f(x)(ϕt∗Y )(x) = Z(x) and
Z ∈ X (S).
The above argument is valid for every X and Y in X (S). Hene, X (S)
is a loally omplete family of vetor elds. 
5 Orbits and integral manifolds
In this setion we prove that orbits of families of vetor elds on a subarte-
sian spae S are manifolds. This is an extension of the results of Sussmann,
[27℄, to the ategory of subartesian spaes.
Let F be a family of vetor elds on a subartesian spae S. For eah
X ∈ F we denote by ϕXt the loal one-parameter group of dieomorphisms
of S generated by X . The family F gives rise to an equivalene relation ∼
on S dened as follows: x ∼ y if there exist vetor elds X1, ...Xn ∈ F and
t1, ..., tn ∈ R suh that
y =
(
ϕX
n
tn
◦ ...◦ϕX
1
t1
)
(x). (7)
In other words, x ∼ y if there exists a pieewise smooth urve c in S, with
tangent vetors given by restritions to c of vetor elds in F , whih joins x
and y. The equivalene lass of this relation ontaining x is alled the orbit
of F through x. The aim of this setion is to prove that orbits of loally
omplete families of vetor elds on a subartesian spae S, are manifolds
and give rise to a singular foliation of S. This is an extension of the results
of Sussmann, [27℄, to the ategory of dierential spaes.
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Following Sussmann's notation, we write ξ = (X1, ..., Xm), T = (t1, ..., tm)
and
ξT (x) =
(
ϕX
m
tm
◦ ...◦ϕX
1
t1
)
(x).
The expression for ξT (x) is dened for all (T, x) in an open subset Ω(ξ) of
Rm × S. Let ΩT (ξ) denote the set of all x ∈ S suh that (T, x) ∈ Ω(ξ). In
other words, ΩT (ξ) is the set of all x for whih ξT (x) is dened. Moreover,
we denote by Ωξ,x ⊆ R
m
the set of T ∈ Rm suh that ξT (x) is dened.
We now assume that S is a subset of Rn. For eah x ∈ S ⊆ Rn and
ξ = (X1, ..., Xm) ∈ Fm, let
ρξ,x : Ωξ,x → R
n : T 7→ ιS◦ξT (x),
where ιS : S → R
n
is the inlusion map. If M is the orbit of F through x,
onsidered as a subset of Rn, then it is the union of all the images of all the
mappings ρξ,x, as m varies over the set N of natural numbers and ξ varies
over Fm. We topologize M by the strongest topology T whih makes all the
maps ρξ,x ontinuous. Sine eah ρξ,x : Ωξ,x → R
n
is ontinuous, it follows
that the topology of M as a subspae of Rn is oarser than the topology T .
Hene, the inlusion of M into Rn is ontinuous with respet to the topology
T . In partiular, M is Hausdor. Sine all the sets Ωξ,x are onneted it
follows that M is onneted. The proof that the topology T of M dened
above is independent of the hoie of x ∈M is exatly the same as in [27℄.
If S is a subartesian spae, then it an be overed by a family {Uα}α∈A
of open subsets, eah of whih is dieomorphi to a subset of Rk. The
argument given above an be repeated in eah Uα leading to a topology Tα
in Mα = Uα ∩M . For α, β ∈ A, the topologies Tα and Tβ are the same when
restrited to Mα∩Mβ . We dene the topology of M so that, for eah α ∈ A,
the indued topology in Mα is Tα.
Suppose now that F is a family of vetor elds on S. For eah x ∈ S,
let DFx be the linear span of Fx = {X(x) | X ∈ F}. Suppose there is a
neighbourhood of x ∈ S dieomorphi to a subset of Rn. Then, dimDFx ≤ n.
Lemma 9. For a loally omplete family F of vetor elds on a subartesian
spae S, dimDFx is onstant on orbits of F .
Proof. Given x ∈ S, let dimDFx = k, and X
1, ..., Xk ∈ F be suh that
{X1(x), , ..., Xk(x)} is a basis in DFx . Sine the family F is loally omplete,
for every X ∈ F , and t ∈ Ω{X},x, ϕ
X
t∗X
1(ϕXt (x)), ..., ϕ
X
t∗X
k(ϕXt (x)) are in
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DF
ϕX
t
(x)
and are linearly independent beause ϕXt is a loal dieomorphism.
Hene, dimDFx ≤ dimDFϕX
t
(x)
. Using ϕX−t, we an show that dimDFϕX
t
(x)
≤
dimDFx . Hene, dimDFx = dimDFϕX
t
(x)
for every X ∈ F. Repeating this
argument along ξT (x) =
(
ϕX
m
tm
◦ ...◦ϕX
1
t1
)
(x), we onlude that dimDFy =
dimDFx for every y on the orbit of F though x. 
In analogy with standard terminology, we shall use the term integral manifold
of DF for a onneted manifoldM ontained in S, suh that its inlusion into
S is smooth and, for every x ∈M , TxM = DFx .
Theorem 3. Let F be a loally omplete family of vetor elds on a sub-
artesian spae S. Eah orbit M of F , with the topology T introdued
above, admits a unique manifold struture suh that the inlusion map
ιMS : M →֒ S is smooth. In terms of this manifold struture, M is an
integral manifold of DF .
Proof. Let M be an orbit of F . Sine F is loally omplete, for eah
z ∈ M , the dimension m = dimDFz is independent of z, and there exist
m vetor elds X1, ..., Xm in F that are linearly independent in an open
neighbourhood V of z in S. Without loss of generality, we may assume that
V is a subset of Rn. By Proposition 2, the restritions of X1, ..., Xm to
vetor elds on V extend to vetor elds X˜1, ..., X˜m on a neighbourhood U
of z in Rn. Without loss of generality, we may assume that they are linearly
independent on U.
Given x ∈ V ∩U ⊆ Rn, let ξ = (X1, ..., Xm) be suh thatX1(x), ..., Xm(x)
form a basis of DFx , T = (t1, ..., tm) ∈ Ωξ,x and
ρ˜ξ,x : Ωξ,x → U ⊆ R
n : T 7→
(
ϕX˜
m
tm
◦ ...◦ϕX˜
1
t1
)
(x).
For eah i = 1, ..., m,
u
d
dt
ϕX˜
i
ti
(x) = uX˜ i(ϕX˜
i
t (x)).
Hene,
T ρ˜ξ,x(T )(u1, ..., um) =
= u1
d
dt1
(
ϕX˜
m
tm
◦ ...◦ϕX˜
1
t1
)
(x) + ... + um
d
dtm
(
ϕX˜
m
tm
◦ ...◦ϕX˜
1
t1
)
(x)
= u1(ϕ
X˜m
tm
)∗...(ϕ
X˜2
t2
)∗X˜(ϕ
X˜1
t1
(x)) + ...+ umX˜
m
(
ϕX˜
m
tm
(
...
(
ϕX˜
1
t1
(x)
)))
.
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In partiular,
T ρ˜ξ,x(0)(u1, ..., um) = u1X˜
1(x) + ... + umX˜
m(x). (8)
Sine the vetors X˜1(x), ..., X˜m(x) are linearly independent, it follows that
T ρ˜ξ,x(0) : R
m → Rn is one to one. Hene, there exists an open neighbourhood
Wξ,x of 0 in R
m
suh that the restrition ρ˜ξ,x | Wξ,x of ρ˜ξ,x to Wξ,x is an
immersion ofWξ,x into U ⊆ R
n
. Therefore, Mξ,x = ρ˜ξ,x(Wξ,x) is an immersed
submanifold of U ⊆ Rn. Moreover, there exists a smooth map µξ,x : Mξ,x →
Wξ,x suh that µξ,x◦ (ρ˜ξ,x | Wξ,x) = identity. Every point y ∈ Mξ,x is of the
form
y =
(
ϕX˜
m
tm
◦ ...◦ϕX˜
1
t1
)
(x)
for some T = (t1, ..., tm) ∈ Wξ,x. Sine X˜
1, ..., X˜m are extensions to U ⊆
Rn of the restritions to V of vetor elds X1, ..., Xm on S, it follows that
ϕX˜
1
t1
, ..., ϕX˜
m
tn
preserve V . Moreover, x ∈ V so that
y =
(
ϕX
m
tm
◦ ...◦ϕX
1
t1
)
(x) ∈ V ⊆ S.
Hene, Mξ,x is ontained in V ⊆ S.
Let ιMV : Mξ,x →֒ V be the inlusion map. We want to show that it
is smooth. Let ιM : Mξ,x → U ⊆ R
n
and ιV : V → U ⊆ R
n
be the
inlusion maps. Then ιM = ιV ◦ ιMV and ι
∗
Mf = ι
∗
MV
◦ ι∗V f for every funtion
f ∈ C∞(U). Sine Mξ,x is an immersed submanifold of U, it follows that
ι∗Mf ∈ C
∞(Mξ,x) for all f ∈ C
∞(U). Similarly, V is a dierential subspae of
U so that ι∗V f ∈ C
∞(V ) for all f ∈ C∞(U). Moreover, every fV ∈ C
∞(V ) is
loally of the form ι∗V f for some f ∈ C
∞(U). Sine dierentiability is a loal
property, it follows that ι∗MV fV ∈ C
∞(Mξ,x) for every fV ∈ C
∞(V ). Hene,
ιMV : Mξ,x →֒ V is smooth.
Thus, for every open set V in S, that is dieomorphi to a subset of Rn,
eah x ∈ V , and every ξ = (X1, ..., Xm) suh that X1(x), ..., Xm(x) form a
basis of DFx , we have a manifoldMξ,x ontained in V suh that the inlusion
map ιMV : Mξ,x →֒ V is smooth. Sine V is open in S, the inlusion of Mξ,x
into S is smooth.
Suppose that Mξ1,x1 ∩ Mξ2,x2 6= ∅. If y ∈ Mξ1,x1 ∩ Mξ2,x2, then y =
ρ˜ξ1,x1(T1) = ρ˜ξ2,x2(T2) for T1 ∈ Vξ1,x1 and T2 ∈ Vξ2,x2. Hene,
T2 = µξ2,x2((ρ˜ξ1,x1(T1))).
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Sine ρ˜ξ1,x1 and µξ2,x2 are smooth, it follows that the identity map onMξ1,x1∩
Mξ2,x2 is a dieomorphism of the dierential strutures on Mξ1,x1 ∩ Mξ2,x2
indued by the inlusions into Mξ1,x1 and Mξ2,x2, respetively. Therefore
Mξ1,x1∪Mξ2,x2 is a manifold ontained in S and the inlusion ofMξ1,x1∪Mξ2,x2
into S is smooth.
Sine M =
⋃
ξ,xMξ,x, the above argument shows that M is a manifold
ontained in S suh that the inlusion map M →֒ S is smooth. Moreover,
the manifold topology of M agrees with the topology T disussed above.
Finally, equation (8) implies that M is an integral manifold of DF . 
We see from Theorem 3 that a loally omplete family F of vetor elds
on a subartesian spae S gives rise to a partition of S by orbits of F . We
shall refer to suh a partition as a singular foliation of S.
Theorem 4. Orbits of the family X (S) of all vetor elds on a subartesian
spae S are manifolds. For every family F of vetor elds on S, orbits
of F are ontained in orbits of X (S).
Proof. We have shown in Theorem 2 that the family X (S) of all vetor elds
on S is loally omplete. Hene, it gives rise to a partition of S by manifolds.
If F is a family of vetor elds on S, then F ⊆ X (S), and every orbit of F
is ontained in an orbit of X (S). 
Theorem 4 asserts that the singular foliation of a subartesian spae S by
orbits of the familyX (S) of all vetor elds on S is oarsest within the lass of
singular foliations given by orbits of loally omplete families of vetor elds.
The following example shows that there may be partitions of a dierential
spae into manifolds whih are oarser than the singular foliation by orbits
of X (S).
Example 3. Let S = M1 ∪M2 ∪M3 ∪M4, where
M1 = {(x, y) ∈ R
2 | x > 0 and y = sin(x−1)},
M2 = {(x, y) ∈ R
2 | x = 0 and − 1 < y < 1},
M3 = {(0,−1)} and M4 = {(0, 1)}. Clearly, M1 and M2 are manifolds
of dimension 1, while M3 and M4 are manifolds of dimension 0. How-
ever, for every (0, y) ∈M2, a vetor u ∈ T(0,y)M2 an be extended to a
vetor eld on S only if u = 0. Hene, orbits of the minimal singular
foliation of S are M1 and singletons {(0, y)} for −1 ≤ y ≤ 1.
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Having established the existene of the singular foliation of S by orbits
of X (S), we an study arbitrary families of vetor elds.
Theorem 5. Let F be a family of vetor elds on a subartesian spae S.
For every x ∈ S, the orbit N of F through x is a manifold suh that
the inlusion map ιNS : N →֒ S is smooth.
Proof. Sine F ⊆ X (S), the aessible set N of DF through x is ontained
in the orbitM of X (S) through x. Let DF | M be the restrition ofDF to the
points of M . It is a generalized distribution onM , and N is an aessible set
of DF |M. It follows from Sussmann's theorem, [27℄, that N is a manifold and
the inlusion map ιNM : N →M is smooth. Sine the inlusion ιMS : M → S
is smooth, it follows that ιNS = ιMS◦ ιNM : N →֒ S is smooth. 
6 Stratied spaes
In this setion we show that smooth stratiations are subartesian spaes.
This enables us to use the results of the preeding setions in disussing
stratied spaes. For a omprehensive study of stratied spaes see [10℄, [16℄
and the referenes quoted there.
Let S be a paraompat Hausdor spae. A stratiation of S is given
by a loally nite partition of S into loally losed subspaes M ⊆ S, alled
strata, satisfying the following onditions:
Manifold Condition. Every stratum M of S is a smooth manifold in the
indued topology.
Frontier Condition. If M and N are strata of S suh that the losure N¯
of N has a non-empty intersetion with M , then M ⊂ N¯ .
A smooth hart on a stratied spae S is a homeomorphism ϕ of an open
set U ⊆ S to a subspae ϕ(U) of Rn suh that, for every stratum M of
S, the image ϕ(U ∩M) is a smooth submanifold of Rn and the restrition
ϕ | U ∩M : U ∩M → ϕ(U ∩M) is smooth. As in the ase of manifolds, one
introdues the notion of ompatibility of smooth harts, and the notion of
a maximal atlas of ompatible smooth harts on S. A smooth struture on
S is given by a maximal atlas of smooth harts on S. A ontinuous funtion
f : S → R is smooth if, for every x ∈ S and every hart ϕ : U → Rn with
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x ∈ U, there exists an neighbourhood Ux of x ontained in U and a smooth
funtion g : Rn → R suh that f | Ux = g◦ϕ | Ux. For details see ( [16℄, se.
1.3).
Stratiations an be ordered by inlusion. If we have two stratiations
of the same spae S, we say that the rst stratiation is smaller than the
seond if every stratum of the seond stratiation is ontained in a stratum
of the rst one. For a stratied spae S, there exists a minimal stratiation
of S. Some authors reserve the term stratiation for a minimal stratiation.
Theorem 6. A smooth stratied spae is a subartesian spae.
Proof. Let S be a smooth stratied spae and C∞(S) the spae of smooth
funtions on S dened above. First, we need to show that the family C∞(S)
satises the onditions given at the beginning of setion 2.
A family {Wα}α∈A of open sets on S is a subbasis for the topology of S
if, for eah x ∈ S and eah open neighbourhood V of x in S, there exist
α1, ..., αp ∈ A suh that x ∈ Wα1 ∩ ...∩Wαp ⊆ V. Given x ∈ S, there exists a
hart ϕ on S with domain U ontaining x. If V is a neighbourhood of x in
S, then the restrition of ϕ to V ∩U is a homeomorphism on a set ϕ(V ∩U)
in Rn ontaining ϕ(x). There exists an open neighbourhood W of x in V ∩U
suh that ϕ(x) ∈ ϕ(W ) ⊆ ϕ(W ) ⊆ ϕ(V ∩U) and a funtion f ∈ C∞(S) suh
that f | W = 1 and f | S\(V ∩ U) = 0. Hene, x ∈ f−1((0, 2)) ⊆ V . This
implies that ondition 2.1 is satised.
Suppose that f1, ..., fn ∈ C
∞(S) and F : C∞(Rm). We want to show that
F (f1, ..., fm) ∈ C
∞(S). For every x ∈ S and every hart ϕ : U → Rn with
x ∈ U, there exists a neighbourhood Ux of x ontained in U and smooth
funtions g1, ..., gm : R
n → R suh that f1 | Ux = gi◦ϕ | Ux for i = 1, ..., m.
Hene,
F (f1, ...fm) | Ux = F (f1 | Ux, ..., fm | Ux) = F (g1◦ϕ | Ux, ..., gm◦ϕ | Ux)
= F (g1, ..., gn) | ◦ϕ | Ux
and ondition 2.2 is satised.
In order to prove ondition 2.3, onsider f : S → R suh that, for every
x ∈ S, there exists an open neighbourhood Wx of x and a funtion fx ∈
C∞(S) satisfying
fx |Wx = f |Wx. (9)
Given x ∈ S, let fx ∈ C
∞(S) and an open neighbourhood Wx be suh that
equation (9) is satised. Let ϕ : U → Rn be a hart suh that x ∈ U . There
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exists an open neighbourhood Ux of x ontained in Wx ∩ U and a smooth
funtion gx : R
n → R suh that fx | Ux = gx◦ϕ | Ux. Sine Ux ⊆ Wx ∩ U ,
it follows from equation (9) that f | Ux = gx◦ϕ | Ux. This holds for every
x ∈ S, whih implies that f ∈ C∞(S).
We have shown that smooth funtions on S satisfy the onditions for
a dierential struture on S. Thus, S is a dierential spae. Loal harts
are loal dieomorphisms of S onto subsets of Rn. This implies that S is a
subartesian spae. 
A stratied spae S is said to be topologially loally trivial if, for every
x ∈ S, there exists an open neighbourhood U of x in S, a stratied spae F
with a distinguished point o ∈ F suh that the singleton {o} is a stratum of
F, and a homeomorphism ϕ : U → (M ∩ U) × F , where M is the stratum
of S ontaining x, suh that ϕ indues smooth dieomorphisms of the orre-
sponding strata, and ϕ(y) = (y, o) for every y ∈ M ∩U . The stratied spae
F is alled the typial bre over x. Sine we are dealing here with the C∞
ategory, we shall say that a smooth stratied spae S is loally trivial if it is
topologially loally trivial and, for eah x ∈ S, the typial bre F over S is
smooth and the homeomorphism ϕ : U → (M ∩ U)× F is a dieomorphism
of dierential spaes. In [8℄ we have shown that the orbit spae of a proper
ation is loally trivial.
The stratied tangent bundle T sS of a stratied spae S is the union of
tangent bundle spaes TM of all strata M of S. We denote by τ : T sS → S
the projetion map suh that for every x ∈ S, τ−1(x) = TxM , where M is
the stratum ontaining x. For eah hart ϕ on S, with domain U and range
V ⊆ Rn, one sets T sU = τ−1(U) and denes Tϕ : T sU → T sV ⊆ R2n by
requiring that (Tϕ) | TM ∩ T sU = T (ϕ | M ∩ U) for all strata M of S.
One supplies T sS with the oarsest topology suh that all T sU ⊆ T sS are
open and all Tϕ are ontinuous, see [16℄. A stratied vetor eld on S is a
ontinuous setion X of τ suh that, for every stratumM of S, the restrition
X | M is a smooth vetor eld on M .
Let S be a smooth stratied spae. By Theorem 6, it is a subartesian
spae. The above denition of a stratied vetor eld does not ensure that
it generates loal one-parameter groups of loal dieomorphisms of S. Con-
versely, one often uses the term stratiation for a partition of a smooth man-
ifold S whih satises the Manifold Condition and the Frontier Condition.
In this ase, there exist vetor elds on S, that generate loal one-parameter
groups of loal dieomorphisms of S, but are not stratied in the sense given
above. In this paper, we shall use the term strongly stratied vetor eld
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on S for a vetor eld X on S that generates a loal one-parameter group
of loal dieomorphisms of S, and is suh that, for every stratum M of S,
X restrits to a smooth vetor eld on M . Thus, a strongly stratied vetor
eld on S generates a loal one-parameter group of loal dieomorphisms of
S that preserves the stratiation struture of S.
Lemma 10. Let S be a loally trivial stratied spae, and XM a smooth
vetor eld on a stratum M of S. For every x ∈ M , there exists a
neighbourhoodW of x in M and a strongly stratied vetor eld X on
S suh that XM |W = X |W.
Proof. Let ϕt be the loal one-parameter group of loal dieomorphisms of
M generated by XM . Sine S is loally trivial, there exists a neighbourhood
U of x in S, a smooth stratied spae F and a dieomorphism ϕ : U →
(M∩U)×F suh that ϕ indues smooth dieomorphisms of the orresponding
strata, and ϕ(y) = (y, o) for every y ∈M ∩U . Eah stratum of (M ∩U)×F
is of the form (M∩U)×N , where N is a stratum of F . Let XU be a stratied
vetor eld on (M ∩ U)× F suh that, for every stratum N of F ,
XU | (M ∩ U)×N = (XM |M ∩ U, 0).
It is a derivation generating a loal one-parameter group of loal dieomor-
phisms ψt of (M ∩ U) × F suh that, for every (y, z) ∈ (M ∩ U) × F,
ψt(y, z) is dened whenever ϕt(y) is dened, is ontained in M ∩ U , and
ψt(y, z) = (ϕt(y), z). Hene, XU is a vetor eld on (M ∩ U)× F .
Let V1 and V2 be neighbourhoods of x in S suh that V¯1 ⊆ V2 ⊆ V¯2 ⊆ U .
There exists a funtion f ∈ C∞(S) suh that f | V¯1 = 1 and f | S\V2 = 0.
Let X be a stratied vetor eld on S suh that
X(x′) = f(x′)(Tϕ−1(XU(ϕ(x
′)))) for x′ ∈ U,
X(x′) = 0 for x′ ∈ S\U.
Sine XU is a vetor eld on (M ∩U)× F, it follows that X is a vetor eld
on S. Let W = V1 ∩M . Sine f | W = 1, it follows that X | W = XM | W ,
whih ompletes the proof. 
Let Xs(S) denote the family of all strongly stratied vetor elds on a
smooth stratied spae S.
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Lemma 11. The family Xs(S) of all strongly stratied vetor elds on a
loally trivial stratied spae S is loally omplete.
Proof. For X ∈ Xs(S), let ϕt denote the loal one-parameter group of loal
dieomorphisms of S generated by X . Suppose U is the domain of ϕt and V
is its range. In other words ϕt maps U dieomorphially onto V . In Lemma
8 we have shown that, for eah Y ∈ Xs(S), ϕt∗Y is a vetor eld on V . By
Lemma 1, for every x ∈ V , there exists an open neighbourhood W of x in
V suh that W¯ ⊆ V and a funtion f ∈ C∞(S) suh that f | W = 1 and
f | S\V¯ = 0. Hene, there is a vetor eld Z on S suh that Z | V = (f |
V )ϕt∗Y and Z | S\V¯ = 0. In partiular, Z | W = ϕt∗Y | W.
For every stratum M of S, the restrition of Y to M is tangent to M .
Moreover, X ∈ Xc(S) implies that ϕt∗ preserves M . Hene, ϕt∗Y restrited
to V ∩ M is tangent to V ∩ M . Sine Z | V = ϕt∗Y | V, it follows that
Z | V ∩M is tangent to V ∩M . On the other hand Z | S\V¯ = 0, whih
implies that Z | (S\V¯ ) ∩M = 0 is tangent to (S\V¯ ) ∩M . Hene, Z | M is
tangent to M. This ensures that Z is a strongly stratied vetor eld on S.
The argument above is valid for every X and Y in Xs(S). Hene, Xs(S)
is a loally omplete family of vetor elds on S. 
Theorem 7. Strata of a loally trivial stratied spae S are orbits of the
family Xs(S) of strongly stratied vetor elds.
Proof. By Lemma 11, the family Xs(S) of all strongly stratied vetor elds
on S is omplete. Hene, its orbits give rise to a singular foliation of S. By
denition, for eah stratum M of S and every X ∈ Xs(S), the restrition of
X to M is tangent to M . Hene, orbits of Xs(S) are ontained in strata of
S.
Let x and y be in the same stratum M of S. Sine M is onneted, there
exists a pieewise smooth urve c in M joining x to y. In other words, there
exist vetor elds X1M , ..., X
l
M on M suh that y = ϕ
l
t1
◦ ...◦ϕ1tl(x), where ϕ
i
t is
the loal one-parameter group of loal dieomorphisms of M generated by
X iM for i = 1, ..., l. Let x
i
t = ϕ
i
t
◦ϕi−1ti−1◦ ...◦ϕ
1
t1
for every i = 1, ..., l and t ∈ [0, ti].
There exists a neighbourhood W it of x
i
t in M and a vetor eld X
i
t on S suh
that X it | W
i
t = X
i
M | W
i
t . The family {W
i
t | i = 1, ...l, t ∈ [0, ti]} gives a
overing of the urve c joining x to y .Sine the range of c is ompat, there
exists a nite subovering {W itj | i = 1, ...l, j = 1, ..., ni} overing c. Hene,
c is a pieewise integral urve of the vetor elds X itj , i = 1, ...l, j = 1, ..., ni,
on S. This implies that M is an X (S) orbit. 
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Theorem 8. Let S be a loally trivial stratied spae. Then the singular
foliation of S by orbits of the family X (S) of all vetor elds on S is a
smooth stratiation.
Proof. By Theorem 7, strata of the stratiation of S are orbits of a family of
vetor elds on S. Hene, eah stratum of the stratiation of S is ontained
in an orbit of the family X (S) of all vetor elds on S. Thus, every orbit of
X(S) is the union of strata. Sine strata of S form a loally nite partition of
S, it follows that the singular foliation of S by orbits of X (S) is also loally
nite.
Next, we show that orbits of X (S) are loally losed. Let P be an orbit
of X(S) through x ∈ S, and M the stratum of S ontaining x. Let W0 be a
neighbourhood of x in S whih intersets a nite number of strataM1, ...,Mn
of S. In other words,
W0 =
n⋃
i=1
W0 ∩Mi.
Then
U = W0 ∩ P =
n⋃
i=1
W0 ∩Mi ∩ P =
⋃
Mi⊆P
W0 ∩Mi
is a neigbourhood of x in P . Eah W0 ∩Mi is an open subset of Mi. Sine
Mi is loally losed, we an hoose W0 suiently small so that there exists
a losed set Vi in S suh that W0 ∩Mi = W0 ∩ Vi. Hene,
U =
⋃
Mi⊆P
W0 ∩Mi =
⋃
Mi⊆P
W0 ∩ Vi = W0 ∩
( ⋃
Mi⊆P
Vi
)
,
and
V =
⋃
Mi⊆P
Vi
is losed as a nite union of losed sets. This shows that P is loally losed.
It remains to verify the Frontier Condition. Let P and Q be orbits of
X (S) suh that there exists a point x ∈ P¯ ∩Q, where P¯ is the losure of P .
We want to show that Q ⊆ P¯ . Suppose that Q is not ontained in P¯ . Then
there exists a point y ∈ Q suh that y /∈ P¯ . Sine Q is an orbit of X (S),
there exists a pieewise smooth urve γ : [0, 1]→ Q suh that x = γ(0) and
y = γ(1). Let
τ = sup{t ∈ [0, 1] | γ(s) ∈ P¯ for all s ≤ t}.
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Sine y = γ(1) /∈ P¯ , it follows that 0 ≤ τ < 1. Then z = γ(τ) ∈ P¯ and, for
every ε > 0, there exists t ∈ (0, ε) suh that γ(τ+t) /∈ P¯ . Sine γ is pieewise
smooth, there exists a vetor eld X on S suh that
X(z) = lim
t→0+
γ˙(τ + t) 6= 0.
Let ϕXt denote the loal one-parameter group of loal dieomorphisms of S
generated by X . For suiently small t0 > 0, we an hoose a neighbourhood
U of z in S suh that ϕXt is dened on U for all 0 ≤ t ≤ t0. Let t ∈ (0, t0) be
suh that γ(τ + t) /∈ P¯ . We have
γ(τ + t) = ϕXt (γ(τ)) = ϕ
X
t (z).
Sine z ∈ P¯ , it follows that U ∩P 6= ∅. Sine P is an orbit of X (S), it follows
that ϕXs (U ∩ P ) ⊆ P for all 0 ≤ s ≤ t. Moreover, ϕ
X
t is a dieomorphism of
U on its image mapping U ∩ P onto ϕXt (U ∩ P ). Hene
γ(τ + t) = ϕXt (z) ∈ ϕ
X
t (P¯ ∩ U) ⊆ ϕ
X
t (U ∩ P ) ⊆ P¯ ,
whih ontradits the assumption that γ(τ + t) /∈ P¯ . This implies that
Q ⊆ P¯ , whih ompletes the proof that the singular foliation of S by orbits
of the family X (S) of all vetor elds on S is a stratiation.
We still need to show that the stratiation of S by orbits of the family
X (S) of all vetor elds on S is smooth. By assumption, S is a smooth
stratied spae, hene its smooth struture is determined by a maximal atlas
of ompatible smooth harts on S. Let ϕ be a hart of this atlas with domain
U and range ϕ(U) ⊆ Rn. For eah orbit M of X (S), the intersetion M ∩U
is a manifold ontained in U , and ϕ(M ∩U) is a manifold ontained in ϕ(U)
beause ϕ is a dieomorphism. Suppose that f : ϕ(U ∩M) → R is smooth.
Sine M is loally losed, it follows that ϕ(U ∩M) is a loally losed subset
of Rn. Hene, for every y ∈ ϕ(U ∩M), there exists a neighbourhood V of y
in R
n
and f˜ ∈ C∞(Rn) suh that f | V ∩ ϕ(U ∩M) = f˜ | V ∩ (ϕ(U ∩M).
Sine ϕ is a smooth map of U into Rn, ϕ∗f˜ = f˜ ◦ϕ ∈ C∞(U). Moreover,
(ϕ | U ∩M)∗f | ϕ−1(V ) = f ◦ϕ | ϕ−1(V ∩ ϕ(U ∩M)) = f | V ∩ ϕ(U ∩M)
= f˜ | V ∩ (ϕ(U ∩M) = f˜ ◦ϕ | ϕ−1(V ∩ ϕ(U ∩M)) = f˜ ◦ϕ | ϕ−1(V ) ∩ (U ∩M).
Sine this is valid for every y ∈ ϕ(U∩M), it follows that ϕ | U∩M : U∩M →
ϕ(U∩M) is smooth. This holds for every hart ϕ and every orbitM of X (S).
Hene, the stratiation of S by orbits of X (S) is smooth with respet to the
atlas dening the smooth struture on S. 
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Remark In Theorem 8, we have assumed that the original stratiation of
S is loally trivial. We do not know if the stratiation of S given by
orbits of X (S) is loally trivial.
7 Poisson redution
We an now return to the problem of Poisson redution of a proper sympleti
ation
Φ : G× P → P : (g, p) 7→ Φ(g, p) ≡ Φg(p) ≡ gp
of a Lie group G on a sympleti manifold (P, ω), whih has motivated this
work. Here, ω is a sympleti form on P and, for every g ∈ G, Φ∗gω = ω.
For every p ∈ P , the isotropy group Gp of p is given by
Gp = {g ∈ G | Φg(p) = p}.
Sine the ation Φ is proper, all isotropy groups are ompat. For every
ompat subgroup K of G,the set
PK = {p ∈ P | Gp = K}
of points of isotropy type K, and the set
P(K) = {p ∈ P | Gp is onjugate to K}
of points of orbit type K are loal manifolds. Thus means that onneted
omponents of PK and P(K) are submanifolds of P, [4℄.
Let S = P/G denote the orbit spae of the ation Φ and ρ : P → S the
orbit the orbit map assoiating, to eah p ∈ P, the orbit Gp = {Φg(p) | g ∈
G} of G through p. The orbit spae S is stratied by orbit type, [9℄. In other
words, strata of S are onneted omponents of ρ(P(K)), as K varies over
ompat subgroups of G for whih P(K) 6= ∅. The spae S is a dierential
spae with a dierential struture C∞(S), introdued in [17℄, whih onsists
of push-forwards to S of G-invariant smooth funtions on P , it is loally
trivial and minimal, [6℄, [7℄. Minimality of the stratiation implies that its
strata are orbits of the family X (S) of all vetor elds on S.
For eah f ∈ C∞(P ), the Hamiltonian vetor eld of f is the vetor eld
Xf on P dened by
Xf ω = df, (10)
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where denotes the left interior produt of vetor elds and forms. The
Poisson braket of f1, f2 ∈ C
∞(P ) is given by
{f1, f2} = Xf1 · f2.
It is antisymmetri, satises the Jaobi identity
{f1, {f2, f3}}+ {f2, {f3, f1}}+ {f3, {f1, f2}} = 0,
and the Leibniz rule
{{f1, f2f3} = {f1, f2}f3 + f2{f1, f3},
for every f1, f2, f3 ∈ C
∞(P ).
Sine the ation Φ of G on P preserves the sympleti form ω, the in-
dued ation of G on C∞(P ) preserves the Poisson braket. Hene, the
spae C∞(P )G of G-invariant funtions in C∞(P ) is a Poisson sub-algebra
of C∞(P ). The dierential struture
C∞(S) = {h : S → R | ρ∗h ∈ C∞(P )}
is isomorphi to C∞(P )G. This implies that the Poisson braket on C∞(P )G
indues a Poisson braket on C∞(S) suh that
ρ∗{h1, h2} = {ρ
∗h1, ρ
∗h2} (11)
for every h1, h2 ∈ C
∞(S).
For every h ∈ C∞(S), we denote by Xh the derivation of C
∞(S) given by
Xh · f = {h, f} for all f ∈ C
∞(S).
Sjamaar and Lerman showed that, for every x ∈ S, there exists a unique
maximal integral urve γ of Xh through x, [21℄. For every f ∈ C
∞(S),
ρ∗(Xh · f) = Xρ∗h · ρ
∗f,
where Xρ∗h is the Hamiltonian vetor eld of ρ
∗h ∈ C∞(P ) dened by equa-
tion (10). Sine ρ∗h is G-invariant, the one-parameter loal group ϕ
Xρ∗h
t of
loal dieomorphisms of P generated by Xρ∗h ommutes with the ation of
G. If p ∈ ρ−1(x) ⊆ P , then γ(t) = ρ◦ϕ
Xρ∗h
t (x). Hene, translations along
integral urves of Xh give rise to a loal one-parameter group ϕ
Xh
t of loal
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dieomorphisms of S suh that ρ◦ϕ
Xρ∗h
t = ϕ
Xh
t
◦ρ. This implies that the
derivation Xh of C
∞(S) is a vetor eld on S in the sense of the denition
adopted in Setion 4. We shall refer to Xh as the Hamiltonian vetor eld
on S orresponding to h ∈ C∞(S).
Hamiltonian vetor elds on (P, ω) preserve the sympleti form ω. Hene,
they preserve the Poisson braket on (P, ω). In other words,
(ϕXh−t )
∗{(ϕXht )f1, (ϕ
Xh
t )f2} = {f1, f2} for all f1, f2, h ∈ C
∞(P ).
Restriting this equality to G-invariant funtions, and taking into aount
the denition of the Poisson braket on S, equation (11), we obtain
(ϕXh−t )
∗{(ϕXht )f1, (ϕ
Xh
t )f2} = {f1, f2} for all f1, f2, h ∈ C
∞(S) (12)
Let H(S) denote the family of all Hamiltonian vetor elds on S.
Proposition 4. The family H(S) is loally omplete.
Proof. For Xf ∈ H(S), let ϕt denote the loal one-parameter group of loal
dieomorphisms of S generated by X . Suppose U is the domain of ϕt and
V is its range. In other words ϕt maps U dieomorphially onto V . For
eah Xh ∈ H(S), ϕt∗Xh is in Der(C
∞(V )). We have shown in the proof of
Theorem 3 that ϕt∗Xh is a vetor eld on V .
It follows from equation (2) that, for eah k ∈ C∞(S),
(ϕt∗Xh) · (k | V ) = ϕ
∗
−t(Xh · (ϕ
∗
tk)) = ϕ
∗
−t{h, ϕ
∗
tk} = {ϕ
∗
−th, k | V },
where we have taken into aount equation (12). Hene, (ϕt∗Xh) is the inner
derivation of C∞(V ) orresponding to the restrition of ϕ∗−th = h◦ϕ−t to V .
For every x ∈ V , there exists an open neighbourhood W of x suh that
W¯ ⊂ V . Let h˜ ∈ C∞(S) be suh that h˜ | W = ϕ∗−th | W. It follows that
(ϕt∗Xh) |W = Xh˜ |W . Hene, H(S) is omplete. 
Proposition 4 and Theorem 3 imply that orbits of the family H(S) of
Hamiltonian vetor elds on S give rise to a singular foliation of S. More-
over, loal ows of Hamiltonian vetor elds of G-invariant funtions on P
preserve loal manifolds PK , [8℄. Hene, every Hamiltonian vetor eld Xh
on S, orresponding to h ∈ C∞(S), is strongly stratied with respet to the
stratiation of S by orbit type. Therefore, orbits of H(S) are ontained in
strata of the stratiation of S by orbit type. Moreover, eah orbit of H(S)
is a sympleti manifold, ([12℄ p. 130).
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8 Subartesian Poisson spaes
In this setion we generalize the notion of a Poisson manifold to a subarte-
sian spae.
Let S be a subartesian spae. It will be alled a Poisson spae if its dier-
ential struture C∞(S) has a Poisson algebra struture and inner derivations
are vetor elds on S. We denote by {f1, f2} the Poisson braket of f1 and
f2 in C
∞(S), and assume that the map
C∞(S)× C∞(S)→ C∞(S) : (f1, f2) 7→ {f1, f2}
is bilinear, antisymmetri and satises both the Jaobi identity
{f1, {f2, f3}}+ {f2, {f3, f1}}+ {f3, {f1, f2} for all f1, f2, f3 ∈ C
∞(S), (13)
and the derivation ondition
{f1, f2f3} = {f1, f2}f3 + {f1, f3}f2 for all f1, f2, f3 ∈ C
∞(S). (14)
Let
H(S) = {Xf : C
∞(S)→ C∞(S) : h→ Xf · h = {f, h}} . (15)
It follows from equation (14) that eah Xf ∈ H(S) is a derivation of C
∞(S).
Sine derivations on a subartesian spae needs not be vetor elds, we make
an additional assumption that, for eah f ∈ C∞(S), the derivation Xf ∈
H(S) is a vetor eld on S. The vetor eld Xf is alled the Hamiltonian
vetor eld of f . The Jaobi identity implies that H(S) is a Lie algebra
subalgebra of DerC∞(S). The Lie braket on H(S) satises the identity
[Xf1 , Xf2] = X{f1,f2} for all f1, f2 ∈ C
∞(S).
We shall refer to H(S) as the family of Hamiltonian vetor elds on S.
Lemma 12. For eah open subset U of a Poisson spae S, the Poisson
braket on C∞(S) indues a Poisson braket on C∞(U).
Proof. Let h1, h2 ∈ C
∞(U). Sine U is open in S, for eah point x ∈ U ,
there exists a neighbourhood Ux of x in U and funtions f1,x, f2,x ∈ C
∞(S)
suh that h1 | Ux = f1,x | Ux and h2 | Ux = f2,x | Ux. We dene
{h1, h2}(x) = {f1,x, f2,x}(x), (16)
where the right hand side is the value at x ∈ Ux ⊆ S of the Poisson braket
of funtions in C∞(S). We have to show that the right hand side of equation
(16) is independent of the hoie of Ux and f1,x and f2,x. Let U
′
x be another
open neighbourhood of x in U and f ′1,x, f
′
2,x ∈ C
∞(S) suh that h1 | U
′
x =
f ′1,x | U
′
x and h2 | U
′
x = f
′
2,x | U
′
x. Then,
f1,x | Ux ∩ U
′
x = f
′
1,x | Ux ∩ U
′
x and f2,x | Ux ∩ U
′
x = f
′
2,x | Ux ∩ U
′
x. (17)
Hene, k1,x = f
′
1,x − f1,x and k2,x = f
′
2,x − f2,x vanish on Ux ∩ U
′
x. Moreover,
{f ′1,x, f
′
2,x}(x) = {f1,x + k1,x, f2,x + k2,x}(x) = {f1,x, f2,x}(x)
beause {f1,x, k2,x}, {f2,x, k1,x} and {k1,x, k2,x} vanish on Ux∩Ux′ . This proves
that the Poisson braket on C∞(U) is well dened by equation (16). More-
over, it is bilinear, antisymmetri and satises equations (13) and (14) be-
ause the Poisson braket on C∞(S) has these properties. 
Lemma 13. The Poisson braket {f1, f2} on C
∞(S) is invariant under the
loal one-parameter groups of loal dieomorphisms of S generated by
Hamiltonian vetor elds.
Proof. For Xf ∈ H(S), let ϕt denote the loal one-parameter group of loal
dieomorphisms of S generated by X . Suppose U is the domain of ϕt and V
is its range. In other words ϕt maps U dieomorphially onto V. We want
to show that
ϕ∗−t{ϕ
∗
tf1, ϕ
∗
tf2} = {f1, f2} for all f1, f2 ∈ C
∞(S). (18)
Dierentiating the left-hand side with respet to t we get
d
dt
ϕ∗−t{ϕ
∗
tf1, ϕ
∗
tf2} = −ϕ
∗
−t (X · {ϕ
∗
tf1, ϕ
∗
tf2}) +
+ ϕ∗−t{X · (ϕ
∗
t f1), ϕ
∗
tf2}+ ϕ
∗
−t{ϕ
∗
tf1, X · (ϕ
∗
t f2)}
= ϕ∗−t (−{{f, {ϕ
∗
tf1, ϕ
∗
tf2}}+ {{f, ϕ
∗
tf1}, ϕ
∗
tf2}+ {ϕ
∗
t f1, {f, ϕ
∗
tf2}}) = 0
beause of Jaobi identity (13). Sine ϕ∗0fi = fi, it follows that
ϕ∗−t{ϕ
∗
tf1, ϕ
∗
t f2} = ϕ
∗
−0{ϕ
∗
0f1, ϕ
∗
0f2} = {f1, f2},
whih ompletes the proof. 
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Lemma 14. Let S be a subartesian Poisson spae. The family H(S) of
Hamiltonian vetor elds is loally omplete.
Proof of this lemma is idential to the proof of Proposition 4.
Theorem 9. Let S be a subartesian Poisson spae. Orbits of the family
X (S) of all vetor elds on S are Poisson manifolds. Orbits of the
familyH(S) of Hamiltonian vetor elds are sympleti manifolds. For
eah Poisson leaf M , orbits of H(S) ontained in M give rise to a
singular foliation of M by sympleti leaves.
Proof. Let M be an orbit of X (S). By Theorem 4, it is a smooth manifold.
Let C∞(M) be the spae of smooth funtions on M dened in terms of the
manifold struture ofM . Let T denote the manifold topology ofM desribed
in setion 6. A funtion h : M → R is in C∞(M) if and only if, for eah
x ∈ M , there exists V ∈ T suh that x ∈ V and there exists a funtion
fx ∈ C
∞(S) suh that h | V = fx | V.
For h1, h2 ∈ C
∞(M) and x ∈ M , let V ∈ T , and f1,x, f2,x ∈ C
∞(S)
be suh that hi | V = fi,x | V for i = 1, 2. We dene {h1, h2}M by the
requirement that
{h1, h2}M | V = {f1,x, f2,x} | V. (19)
We have to show that the right-hand side of equation (19) is independent of
the hoie of f1,x, and f2,x in C
∞(S). Suppose that f ′1,x, f
′
2,x ∈ C
∞(S) satisfy
the ondition hi | V = f
′
i,x | V for i = 1, 2. Let ki,x = (f
′
i,x − fi,x). Then,
ki,x | V = 0, and
{f ′1,x, f
′
2,x} | V = {f1,x + k1,x, f2,x + k2,x} | V
= ({f1,x, f2,x}+ {f1,x, k2,x}+ {k1,x, f2,x}+ {k1,x, k2,x}) | V
= ({f1,x, f2,x}+ (Xf1,x · k2,x)− (Xf2,x · k1,x) + (Xk1,x · k2,x)) | V.
Sine M is an orbit of X (S), V is an open subset of M , and k1,x | V = 0
and k2,x | V = 0, it follows that (X · k1,x) | V = (X · k2,x) | V = 0 for all
X ∈ X (S). Hene, {f ′1,x, f
′
2,x} | V = {f1,x, f2,x} | V = 0 and {h1, h2}M is
well dened.
It follows from equation (19) that {h1, h2}M ∈ C
∞(M). The Poisson
braket properties of {., .}M follow from the orresponding properties of the
Poisson braket on C∞(S).
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By Lemma 14, the family H(S) of Hamiltonian vetor elds on S is
omplete. Hene, its orbits give rise to a singular foliation of S. Theorem 4
implies that eah orbit of H(S) is ontained in an orbit of X (S).
We have shown that eah orbit M of X (S) is a Poisson manifold. Orbits
of H(S) ontained in M oinide with orbits of the family of Hamiltonian
vetor elds on M , whih gives rise to a foliation of M by sympleti leaves
of M, ([12℄ p. 130). 
Let S be a Poisson spae, andG be a onneted Lie group with Lie algebra
g. We denote by
Φ : G× S → S : (g, x) 7→ Φ(g, x) ≡ Φg(x) = gx
an ation of G on S. We assume that this ation is smooth, whih implies
that, for eah g ∈ G, the map Φg : S → S is a dieomorphism. Moreover,
we assume that, for every g ∈ G,
Φ∗g : C
∞(S)→ C∞(S) : f 7→ Φ∗g(f) = f ◦Φg
is an automorphism of the Poisson algebra struture of C∞(S). In other
words,
Φ∗g{f1, f2} = {Φ
∗
gf1,Φ
∗
gf2} for all g ∈ G and f1, f2 ∈ C
∞(S).
Finally, we assume that the ation Φ is proper.
For eah ξ ∈ g, we denote by Xξ the vetor eld on S generating the
ation on S of the one-parameter subgroup exp tξ of G. Clearly, Xξ ∈ X(S)
for all ξ ∈ g. Sine G is onneted, its ation on S is generated by the
ation of all one-parameter subgroups. Hene, eah Poisson manifold of S
is invariant under the ation of G on S. We denote by ΦM : G ×M → M
the indued ation of G on a Poisson manifold M . The assumptions on the
ation of G on S imply that the ation ΦM is smooth and proper. Moreover,
it preserves the Poisson algebra struture of C∞(M).
Let RM = M/G denote the spae of G-orbits in M and ρM : M → RM
the orbit map. Sine M is a manifold, and the ation of G on M is proper,
it follows that RM is a stratied spae whih an be overed by open sets,
eah of whih is dieomorphi to an open subset of a semi-algebrai set, ([8℄,
p. 727). Hene, RM is a subartesian spae.
The dierential struture C∞(RM) is isomorphi to the ring C
∞(M)G of
G-invariant smooth funtions on M . Sine the ation of G on M preserves
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the Poisson braket {., .}M on C
∞(M), it follows that C∞(M)G is a Poisson
subalgebra of C∞(M). Hene, C∞(RM ) inherits a Poisson braket {., .}RM .
For h ∈ C∞(RM), let f = ρ
∗
Mh ∈ C
∞(M)G. Let Xh be the derivation of
C∞(RM ) given by Xh · h
′ = {h, h′}RM for all h
′ ∈ C∞(RM). Similarly, Xf is
the derivation of C∞(M) given by Xf ·f
′ = {f, f ′}M for all f
′ ∈ C∞(M). The
vetor eld Xf generates a one-parameter group ϕt of loal dieomorphisms
of M whih ommutes with the ation of G on M . Hene, ϕt indues a
loal one-parameter group of loal dieomorphisms ψt of the orbit spae
RM = M/G suh that ψt◦ρM = ρM ◦ϕt. The loal group ψt is generated by
Xh. Hene, Xh is a vetor eld on RM .
It follows from the above disussion that the orbit spae RM is a sub-
artesian Poisson spae. Hene, we an apply the results of Theorem 9.
Proposition 5. Let M be a Poisson manifold, and RM = M/G be the
orbit spae of a properly ating Lie symmetry group G of the Poisson
struture on M. Then RM is a subartesian Poisson spae. It is a
stratied spae. Strata of RM are orbits of the family X (RM) of all
vetor elds on RM . Eah stratum is a Poisson manifold. The singular
foliation of RM by orbits of the Lie algebra H(RM) of Hamiltonian
vetor elds of C∞(RM) gives rise to a renement of the stratiation
of RM by sympleti manifolds.
Proof. It follows from Theorem 9 that orbits of the family X (RM) of all
vetor elds on RM are Poisson manifolds. Stratiation struture of RM and
its smootly loal triviality are onsequenes of the properness of the ation of
G on M, [9℄, [6℄, [7℄. It follows from Theorem 7 and Theorem 9 that strata of
RM are Poisson manifolds. Moreover, Theorem 9 implies that orbits of the
family H(RM) of Hamiltonian vetor elds are sympleti manifolds. The
restrition of the singular foliation of RM by sympleti manifolds to eah
stratum of RM gives rise to a singular foliation of the stratum by sympleti
manifolds. 
Let R = S/G be the spae of G-orbits in S and ρ : S → R the orbit map.
It is a dierential spae with dierential struture C∞(R) isomorphi to the
ring C∞(S)G of G-invariant smooth funtions on S. The Poisson algebra
struture of C∞(S) indues a Poisson struture on C∞(R). It follows from
Corollary 3 and the disussion preeding it, that R is singularly foliated by
Poisson manifolds, and eah Poisson leaf is singularly foliated by sympleti
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leaves. We do not know if R is a subartesian spae. Hene, we annot
assert that Poisson leaves of R are orbits of the family X (R) of all vetor
elds on R, or that sympleti leaves of R are orbits of the family H(R) of
Hamiltonian vetor elds .
9 Almost omplex strutures
In this setion, we disuss almost omplex strutures dened on omplete
families of vetor elds on subartesian spaes. We assume here that the
subartesian spae under onsideration is paraompat. By a theorem of
Marshall, this assumption ensures the existene of partitions of unity, [13℄.
Let F = {Xα}α∈A be a omplete family of vetor elds on a paraompat
subartesian spae S. We denote by DerF(C
∞(S)) the submodule of deriva-
tions of C∞(S) onsisting of loally nite sums ΣαfαX
α
, where fα ∈ C
∞(S),
Xα ∈ F and, for every x ∈ S, there is an open neighbourhood U of x in S
suh that fαX
α | U = 0 for almost all α. Abusing somewhat the ommon
terminology, we shall refer to DerF (C
∞(S)) as the module of derivations
generated by F .
Proposition 6. For every omplete family F of vetor elds on a paraom-
pat subartesian spae S, the module DerF(C
∞(S)) of derivations
generated by F is a Lie subalgebra of the Lie algebra of all derivations
of C∞(S).
Proof. Reall that the ompleteness of F = {Xα}α∈A implies that, for
every α, β, t, and x for whih ϕαt∗X
β(x) is dened, there exists an open
neighbourhood U of x and γ ∈ A suh that ϕαt∗X
β | U = Xγ | U. Hene,
there exists ZαβU ∈ DerF (C
∞(S)) suh that [Xα, Xβ] | U = ZαβU | U . In
this way we get an open over U ={U} of S. By shrinking open sets U , if
neessary, we may assume that the overing U ={U} is loally nite. Sine S
is paraompat, there exists a partition of unity {fU}U∈U subordinate to this
overing, [13℄. Hene, [Xα, Xβ] | U = ΣUfU(Z
αβ
U | U), where the sum on the
right-hand side is loally nite. This implies that [Xα, Xβ] ∈ DerF(C
∞(S)).
If X = ΣαfαX
α
and Y = ΣβhβX
β
are in DerF(C
∞(S)), then
[X, Y ] =
[∑
αfαX
α,
∑
βhβX
β
]
=
∑
αβ
(
fαhβ[X
α, Xβ] + fα(X
α · hβX
β − hβ(X
β · fα)X
α
)
.
36
Sine the sum is loally nite, it implies that [X, Y ] ∈ DerF(C
∞(S)). 
An almost omplex struture on a omplete family F of vetor elds on S
is a C∞(S) module automorphism J : DerF(C
∞(S)) → DerF (C
∞(S)) suh
that J2 = −1. Sine J : DerF(C
∞(S)) → DerF(C
∞(S)) is a C∞(S) module
automorphism, it implies that, for eah orbit M of F , it gives rise to a linear
map JM : TM → TM . Moreover, J
2 = −1 implies that J2M = −1. Hene,
an almost omplex struture on a omplete family F of vetor elds on S
indues an almost omplex struture on eah orbit of F .
Sine DerF(C
∞(S)) is a Lie algebra, we may onsider the torsion N of J
dened as follows. For X, Y ∈ DerF(C
∞(S)), let
N(X, Y ) = 2 {[JX, JY ]− J [JX, Y ]− J [X, JY ]− [X, Y ]} . (20)
Lemma 15. The torsion of J is a skew symmetri bilinear mapping N :
DerF (C
∞(S))⊗DerF(C
∞(S))→ DerF(C
∞(S)) suh thatN(fX, hY ) =
fhN(X, Y ) for all X, Y in DerF(C
∞(S)) and f, h ∈ C∞(S).
Proof. Skew symmetry and bilinearity of N are self-evident. For every
X, Y ∈ DerF(C
∞(S)) and f, h ∈ C∞(S).
[JfX, JhY ] = fh[JX, JY ] + f((JX) · h)JY − h((JY ) · f)JX
J [fX, JhY ] = fhJ [X, JY ]− f(X · h)Y − h((JY ) · f)JX.
J [JfX, hY ] = fhJ [JX, Y ] + f((JX) · h)JY + h(Y · f)X
[fX, hY ] = fh[X, Y ] + f(X · h)Y − h(Y · f)X.
Hene, N(fX, hY ) = fhN(X, Y ), whih ompletes the proof. 
The almost omplex struture J has eigenvalues ±i beause J2 = −1.
Eigenspaes of J are ontained in the omplexiation DerF(C
∞(S))⊗C of
DerF(C
∞(S)). For every X ∈ DerF(C
∞(S)),
J(X − iJX) = JX − iJ2X = JX + iX = i(X − iJX),
J(X + iJX) = JX + iJ2X = JX − iX = −i(X + iJX).
Hene,
DerF(C
∞(S))± = {X − (±i)JX | X ∈ DerF(C
∞(S))}
are eigenspaes of J orresponding to eigenvalues ±i, respetively.
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Lemma 16. Eigenspaes DerF(C
∞(S))± of J are losed under the Lie braket
if and only if the torsion N of J vanishes.
Proof. For every X and Y in DerF(C
∞(S)), we have
[X − (±i)JX, Y − (±i)JY ]
= [X, Y ]− (±i)[JX, Y ]− (±i)[X, JY ] + (±i)2[JX, JY ]
= [X, Y ]− (±i)[JX, Y ]− (±i)[X, JY ]− [JX, JY ]
= −N(X, Y )− J [JX, Y ]− J [X, JY ]− (±i)[JX, Y ]− (±i)[X, JY ]
= −N(X, Y )− (±i) {([JX, Y ] + [X, JY ])− (±iJ) ([JX, Y ] + [X, JY ])} .
Hene, [X−(±i)JX, Y −(±i)JY ] ∈ DerF(C
∞(S))± if and only if N(X, Y ) =
0. 
Theorem 10. Let J be an almost omplex struture on a omplete family F
of vetor elds on a paraompat subartesian spae S. Every orbit M
of F admits a omplex analyti struture suh that DerF (C
∞(S))+ |M
spans the distribution of holomorphi diretions on TM⊗C if and only
if the torsion N of J vanishes.
Proof. For eah orbit M of F , the restrition of N to M is the torsion
tensor NM of the almost omplex struture JM on M . Suppose that M ad-
mits a omplex analyti struture suh that DerF(C
∞(S))+ | M spans the
distribution of holomorphi diretions on TM ⊗ C. For a omplex mani-
fold M , the distribution of holomorphi diretions on TM ⊗C is involutive.
Hene, DerF (C
∞(S))+ | M is losed under the Lie braket of vetor elds
on TM ⊗ C. This implies that NM = 0. Therefore, if every orbit M of F
admits a omplex analyti struture suh that DerF(C
∞(S))+ | M spans
the distribution of holomorphi diretions on TM ⊗ C, then the torsion N
vanishes.
Suppose now that N = 0. Then NM = 0 for every orbitM of F . It follows
that the almost omplex struture JM onM is integrable. By the Newlander-
Nirenberg theorem, there exists a omplex analyti struture on M suh
that DerF(C
∞(S))+ | M spans the distribution of holomorphi diretions on
TM ⊗ C, [15℄. Naively speaking, one ould say that this omplex struture
is obtained by pathing loal dieomorphisms from Cn to M in a manner
similar to that used in the proof of Theorem 3. 
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Assuming that the torsion tensor N of J vanishes, we are going to ha-
raterize smooth funtions on S whih are holomorphi on eah orbit ofF .
Let C∞(S)C = C∞(S) ⊗ C be the omplexiation of C∞(S). Eah fun-
tion in C∞(S)C is of the form f + ih, where f, h ∈ C∞(S). Suh a fun-
tion is holomorphi on eah orbit ofF if it is annihilated by derivations in
DerF(C
∞(S))−. In other words, a funtion f + ih is holomorphi on orbits
of F if it satises the dierential equation (X + iJX)(f + ih) = 0 for eah
X ∈ F . Separating real and imaginary parts we get a singularly foliated
version of Cauhy-Riemann equations
X · f − (JX) · h = 0 and (JX) · f +X · h = 0 for all X ∈ F .
It should be noted that these equations may have very few solutions whih
are globally dened. This is why one usually employs sheaves in the study
of holomorphi funtions, [24℄.
Combining the results of the last two setions, we an desribe subarte-
sian Poisson-Kähler spaes.
Example 3. Let S be a subartesian Poisson spae. It follows from the
denition of Hamiltonian vetor elds on S that the Poisson braket {f, h}
on C∞(S) satises the relations
Xf · h = {f, h} = −{h, f} = −Xh · f.
Hene, there exists a skew symmetri form Ω on H(S) with values in C∞(S)
suh that
Ω(Xf , Xh) = {f, h} ∀ f, h ∈ C
∞(S).
By Theorem 9, every orbit M of H(S) is a sympleti manifold. The
sympleti form ΩM of M is given by the restrition of Ω to M. Let J :
DerH(S)C
∞(S) → DerH(S)C
∞(S) be an almost omplex struture on H(X)
suh that,
Ω(JX, JY ) = Ω(Y,X) ∀ X, Y ∈ DerH(S)C
∞(S),
for all X ∈ DerH(S)C
∞(S). Dene
g(X, Y ) = Ω(JX, Y )
for all X, Y ∈ DerH(S)C
∞(S). It is symmetri beause
g(Y,X) = Φ(JY,X) = Φ(J2Y, JX) = −Φ(Y, JX) = Φ(JX, Y )
= g(X, Y ).
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If g(X, Y ) is positive denite, that is g(X,X)(x) = 0 only if X(x) = 0,
then its restrition to every orbit M of H(S) denes a Riemannian met-
ri gM on M . For every X, Y ∈ H(S) and x ∈ M , gM(X(x), Y (x)) =
ΩM(JX(x), Y (x)) and the form ΩM is losed. Hene, M is an almost Kähler
manifold. If the torsion N of J vanishes, then every orbit M of H(S) is a
Kähler manifold. This example is a generalization to subartesian spaes of
Kähler stratied spaes studied by Huebshmann, [11℄.
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